ON THE EXTREME EIGENVALUES
OF TOEPLITZ OPERATORS OF THE HANKEL TYPE II

BY
J. R. DAVIS

1. Introduction. Let » be an arbitrary but fixed positive number and set
u(x) = x2"+1[2"+1/2F(V + 3/2)]_1, 0<x< o,
and
C,=[27"*T(v+1/2)]7"
We define :
J(x) = C7 27 d,_1p(x), 0=x< w,

where J,_,,» is the Bessel function of the first kind of order » — 1/2. Let
AC[0, ») be a Borel measurable set and denote by L,,(A) the Hilbert
space of functions defined on A with inner product /;fg*du where g* is the
complex conjugate of g.

Let @ C [0, «) be a set of positive but finite measure du and F a real
bounded function in L;,([0, »)). We define the operator B4 on L,,(AQ),
A>0, by

Baf(x) = .[m p(x, Nf(y) du(y),

where
p(x,y) = ﬁF(t)J(xt)J(yt)du(t)-

Here L, ([0, ©)) = L,, is the space of all functions defined on [0, =) such
that f|f| dp < .

Under various conditions on F we derive asymptotic formulae for the kth
largest eigenvalue of B, as A — ». Our considerations fall into three cases.
Fwill always be a bounded real function in L,, that has a unique maximum
at £, 0 < £ < = and is such that lim sup F(¢) < F(&) as £¢— «. The three
cases are differentiated by the character and position of the maximum and
the character of the set Q. They are

I £,=0; F(¢§) ~ F(0) — ot* as £—0", @ >0, ¢>0; Q as positive and
finite measure du.

II. £, =0; F(£) ~ F(0) — L(£)¢* as £¢—0", w>0; L(¢) is slowly oscil-

Received by the editors March 13, 1964.

267



268 J. R. DAVIS |April

lating as £ —0"; @ =|0,a].

IIL & = 0 and F(¢§) ~ F(§) — o1 L(& - £) |§ — £0|“ as e — &0, F(¢) ~ F(&o)
~ o L(g — &) | — £|* as £ —&; 0> 0, 0,>0,0,>0; @=[0,a]; L(¢) is
even and slowly oscillating as ¢ — 0.

As a representative result consider Case I. If A(A,k) is the kth largest
eigenvalue of By, then there exists an operator depending only upon g,»,
and w such that if 0 < u(1) < u(2) < --- are its positive eigenvalues

MA k) = F(0) — A “u(k) + 0(A ™)

as A — o.

In 1953 Kac, Murdock and Szego | 4] obtained a result for this problem
under rather restrictive conditions in the case of Toeplitz operators of the
Fourier type. Parter [5]— [7] and Widom [11] — [14] have studied this
case and have weakened the conditions considerably. In [ 3], I. I. Hirschman
reformulated the perturbation theory used by Widom in [ 14] and obtained
results analogous to Widom’s for Toeplitz forms associated with Jacobi
polynomials. In this paper we follow the format of Hirschman and consider
the Toeplitz operators of the Hankel type.

The idea behind the technique is to reformulate the problem so that we
can consider a related sequence of operators on a fixed Hilbert space. We
then show that this sequence converges suitably to an operator with known
eigenvalues and use a perturbation theorem.

The results of this paper constituted part of my doctoral dissertation at
Washington University in St. Louis. I wish to express appreciation to Pro-
fessor 1. I. Hirschman for suggesting this problem and to express my thanks
for his direction of my career as a graduate student.

2. Preliminaries. In this section we introduce the necessary information
concerning the Hankel transform and Bessel function.

If x,y, and z are non-negative real numbers, set A(x,y,x) equal to the
area of a triangle with sides x, y, and z if such exists and zero otherwise. Let

23:'-—5 2[ r(” _+_ 1/2) ]Z[A(x,y, Z) ‘Zu—-'l
I'(1/2) I'(v) (xy2)* ! '

D(x,y,2) =

If we define convolution by

1 g (x) = ﬁ ﬁ f(y)g2)D(x,y,2) du(y)du(z)

then L, is a Banach algebra. D(x,y,2) satisfies

(1) [, D(x,y,2) du(x) = 1.
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The Hankel transform is defined on L,, by

f(x) = j; Jx)f(®)du(®), 0=x< o,

For fand g in L,, we have
(f8) =f¢g"
The Hankel transform on L,,([0, ©)) = L, is defined by

frx) = J; J(x)f(2) du(?),
where the partial integrals converge in the norm of L,,. This is a unitary
mapping of L,, onto L,, and in this case
) =f
These results are all well known and can be found in I. I. Hirschman [2].
We now list some formulas.

@ I <1,
3) JO) = 1,

) 4 @) = ~ 2 ),
(5) Ad(xy) = —x*J(xy),
where

d\? 2 d
s (g) vz
dy y dy

HY (2) = (x2/2) exp|i(z — vr/2 — x/4)]
(6)

M-1
[ > (r,m)(— 2i2) ™™ 4 O(|2| ‘M)]
m=0
as |z| » oand — = < argz < 2.

H,"‘” (2) = (x2/2) Vexp| — i(z — v /2 — 7 /4)]
V)] M-1
. [ > m)(2iz)_”'+0(|z|_M)]
m=0

as |z| - oand — 2r < argz < .
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J(2) = (n2/2)" "z{cos(z — /2 — x/4)
m-—1
(8) [ > (= 1™, 2m)(22) 21 +0(|z|‘2M)]
m=0

M-1
‘*m@—”ﬂ—fﬂﬂ:Z(—Dﬂm%HJN%r””+mer4M
m=0

as |z| - » and — r < argz < r. Here (v, m) is Hankel’s symbol
(v,m) =T(1/24+v+m)[m!'T(1/24 v —m)] .

(2), (3) and (5) can be found in I. I. Hirschman [ 2], (4) in Watson [ 10, 47];
(6), (7) and (8) in Erdélyi [1, p.85].

3. Perturbation theory. Let 0 < S be a self-adjoint operator on a separable
Hilbert space < and F a bounded operator on <. We define

S={fl Ffe (8"},

Here S'? is the unique positive square root of S and Z(S"? is the domain
of S'2, Let _# be the closure of . in <. Then _# is a closed subspace of &
and is itself a Hilbert space.

THEOREM 3a. With the above definitions, there exists a self-adjoint operator
Sron the Hilbert space _# with the properties
1) 9Spc
(2) (Srkflg) = (S"*Ff|S"*Fg) for allf € Y(Sr) andg € ¥.

Proof. See F. Riesz and B. Sz.-Nagy |8, p. 326].

Let A be a closed linear operator on <&, not necessarily densely defined.

DEFINITION 3b. A subset % of Z(A) is said to be a core for A if {(f,8)| g
=Af, fEZL}C & X & is dense in |(f,8)| g = Af, fE€E Z(A)}; that is, if
¥ X A% is dense in the graph of A.

DEFINITION 3c. Let A,, n =1,2,-.., and A be closed linear operators in
& and let £ = {f| A.f— Af as n— =|. If £= Z(A) we say that 4 is
the strong limit of the A,’s. If ¥ is a core for A we say that A is the closure
of the strong limit of the A,’s.

We will use “—’ for strong convergence in a Hilbert space and “—" for

weak convergence.

THEOREM 3d. Suppose the following conditions are satisfied:

(1) 0 < S is a self-adjoint operator in ¥,

(ii) F is a bounded operator in <,

(iii) 0 £ S, is a self-adjoint operator in ¢, n=1,2,3, ---, F, is a bounded
operatorin &, n=1,2,3, --- such that #(F,) C Z/(S,),n=1, 2, ---;
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(iv) F is the strong limit of F, as n — o;

(v) SV is the closure of the strong limit of S}* as n — «;

(vi) SY2F is the closure of the strong limit of S}*F, as n— .

Set S,r= F}S, F,, where F} is the adjoint of F, and let S,r= S~ \dy,()\)
be the spectral resolution of S,r on <. Here we assume y,(\) = y,(\") for
0sSA< wandn=1,2,--- and that ,(07) = 0.

Let

©

se= [ xason

be spectral resolution of Spon _# and again we assume that y(\) = ¢(\*) for
0= )< oand y(0~) =0. Then for every f € & and X not in the point spectrum

of Sr UaNf ¥V,
where '—” is in .

Proof. See I. 1. Hirschman [3].

We note that if &, is a subspace of & and if E is a projection in &,
considered as a Hilbert space, then E can be considered as a projection in
&, namely, as the projection of &Z on E &Z,. It is in this sense that the above
convergence is in <. This convention will be used throughout.

THEOREM 3e. Suppose that 0 < R,, n=1,2,3,--- are bounded self-adjoint
operators defined on subspaces 4, of a Hilbert space &. Let 0 < R be a self-
adjoint operator defined on a subspace ¥ of . Let

R, = f AdE, (N,
0

R= j; AdE(N)

be the spectral resolutions of R, on _#, and of R on _#¥.

Suppose further that:

(a) E,(\) > E()\) as n— o for all A\ > 0 and not in the point spectrum of R.
Here “—" is in &,

(b) there is a number m > 0 such that if f,& #,, |f.| =1 and (R,f.|f.)
< m,; < m for n € p, then p, contains a subsequence p,, where f,—f as n—
in p,and f #0. Here "'—” is in < and p;, k = 1,2, denote subsequences of
the natural numbers.

Then

dim E()\) < o, 0Ax<m,
dimE,(\) - dimE(\) asn— o forO<A<m

and \ not in the point spectrum of R.
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Proof. See I. I. Hirschman [3].
In order to apply Theorem 3e we will need the following result.

THEOREM 3f. F_# reduces Sy.

Proof. Let f € F.¥ Clearly, if g €., then Fg € % Then writing g = Fg
+ (I — F)g we see that (] — F)gE < Thus (I — F) ¥C S and as “is
densein #, (I — F).% is dense in (I — F) _#. Also F.% is dense in F_#.
Let h € (I — F).%. Then by (2) we have

(Srf|h) = (SV*Ff|S"*Fh) =0
and hence SpfE F 4.

4. Definitions and preliminaries—Case I. We shall assume that F(¢) satisfies
the following conditions:

(i) F(¢) is a bounded real function in L,,.

(i) F(0) = M is the unique maximum of F and limsup F(¢) < M as { — o,

(iii) F(¢) ~ M — ot as £ —0", >0, 0 > 0.

We also assume that @ C [0, =) has positive but finite measure du.

We will set up an apparatus, part of which may seem superfluous for this
case, but which sets a pattern for the later cases where it will be necessary.

We define four Hilbert spaces &, & , ¥, &, all equal to L,,. We
will use the variable x for functions in &, ¢ for &, t for €, and y for &.
This will be the convention throughout this paper. For Case I and Case II a
function denoted by f~ will always be in & or ¥ ‘and will always be the
Hankel transform of a function in & or &, respectively.

We define unitary maps ¢ of & onto &  and ¢ of £ onto &~ by

of - & =1
and
vf- @) =f@).
We define maps x4 of &~ onto &~ and x} of £~ onto & by
xaf-(t) = fGA"HA"2
and
xAf- (§) = f(Ap AT+

It is evident that x4, xf are unitary and that x} is the adjoint of x,.
Define the projection E, in <Z by

E f(x) = Caa(0)f(x),

where C,, is the characteristic function of AQ. )
E, is unitarily equivalent to the projection E, in & and F, in £ de-
fined by
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E, =¢E,07,
Fi = xaEaxi.
We define the operator T in & by
T'f- (&) = (M — FE)f(®).
T" is unitarily equivalent to the operators T'in & and T, in & ~ defined by
T=9¢"'T ¢,
Ts=xaT xi.
We define the projection F in £ by
Ff - (y) = C9)f(y).
F is unitarily equivalent to the projection F~ in &~ defined by
F~ =yFy .
Finally we define the operators S; and S™ on ¥~ by
Saf-(t) =o'A“TAf-(8),
S°f- () = o't f(2).

If AM(A,1) 2 A(A,2) = ... are the positive eigenvalues of B, then M
—AA,1) =M —1(A,2) < ... are the eigenvalues of

EsTElg,,. ET Eilgy FiTiFalg, -

where these symbols are to read “E, TE, restricted to E4<Z,” etc. The
eigenvalues of

FaSiFalr;.-
are (M —A,1))Ac "< (M —21(A,2)A°c ' <-... In the following
sections we will show that F.Ss F. converges to Sr- of Theorem 3a
as A— o so that if 0 <pu(l) Su(2) <..., limu(k) = «, are the positive
eigenvalues of Sr |~ » then using the perturbation theorem we will have

(M — \A,k)o7 A = u(k) + o(1)
asA— o fork=1,2,..., or equivalently
MAR) =M — u(k)A “a + 0(A7Y).

Recall that S;- is a self-adjoint operator defined on a subspace # "~ of & ~
and Z(Sr) C ¥ ", where

S T=fIFfE DUST)D = D(S")F).
Recall also that by Theorem 3f, F~_#  reduces Sy- so that Sg{p,-is
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an operator in F~_#" . Since this is the operator that we will eventually be
interested in it is important that we determine the nature of F~_#.

It is clear that if Q is an interval then * " is dense in &~ and thus F"_#~
= F %" . Suppose that Q is a nowhere dense set of positive measure and that
w>1. Let f € F % . Then t*'*f € L,, and f has its support on . We
claim that f is continuous. Indeed, for 0 <y, < «» and ¢> 0 such that
l+e=w, j

1) = f(yo) |?

< J;|fk(t) |2t du(t) J;|J,_,,2(yt)y”2“’ — J,_12(Yot)y§2 " |2C e dt.
Since oJ,_;,5(t) = O(t™"?) as t — o, see (7) §2,
j; [, 12 Y2 — I, 1Yo t) ys'* | Pt dt — 0

as y — Yo.
But f vanishes on the complement of Q, an everywhere dense set, and
hence vanishes indentically. Thus we see that F~ %" contains only the zero

function.

At first it might seem possible that given an integer n an @ could be found
such that the dimension of F~_#  would be n. This is not the case. We will
show that if F~_#  contains a function other than the zero function, its
dimension is infinite.

LEMMA 4a. Let W(x) be positive, nondecreasing and such that W(x + y)
< W(x) W(y). Let f(y) be such that f5°|f(y)|* W(x) du(x) < = and let g(y)
be such that f;=|g(y)| W(x)"*du(x) < . Then

j; If*g- N> W(y) du(y) < .
Proof. We have, using Schwarz’s inequality,

frg-|°sC, ﬁ ﬂ 1) 1%]8(x)| W) "2 D(x, v, 2) du(@)du(2),

where
Ci= [ 181 W) (o).

Since D(x,y,2) = 0 for y 2 x + z we may assume y < x + z and hence W(y)
< W(x+2) £ W(x)W(2). Thus, using (1) §2 we get



1965] EXTREME EIGENVALUES OF TOEPLITZ OPERATORS 275

L 1f*&- (1> W) du(y)
s CIJ; J; J; 1f2) |2 W(2)|g(x) | W(x) "> D(x,y, 2) du(2) du(x) du(y)

< C%ﬁ 1f(2)|? W(2) du(2) < .

Now suppose there existsanf € F~_#", f = 0. Let 2, C @ be the support
of f and let I be an interval such that the du measure of I N Q, is positive.
Let h(y) be an infinitely differentiable, positive function that vanishes off
I and set W(t) = (1 + t)*. Since F(fh) = fh we have f *h " €EF ¥~ and
applying Lemma 4a we get that f *h € F" A"

LetI,, n=1,2,..., be a sequence of disjoint intervals such that the du
measure of I, Q, is positive. The corresponding sequence of functions
f *h,, n=1,2,... will be independent and hence F _#" has infinite
dimension.

In general F~_#~ = F % . For example, let Q@ be the disjoint union of a
nowhere dense set of positive measure and a finite interval.

If F*_4" = {0}, Sr- has no eigenvalues, but by convention we will say it
has infinitely many all equal to plus infinity.

5. Convergence of operators—Case I.
LEmMA 5a. Suppose L, L, are multiplier transformations on ¢
Lu . (t) = u(@®)h(),
Lou- () = u(@®h.@).

Then if
(i) lim h,(t) = h(1),
(i) [ha(t)] < K[R(D) |,

L is the strong limit of the L,.
Proof. Routine.
THEOREM 5b. (S )2 is the strong limit of (S,)"
Proof. We have
Saf-(t) =sa0f(®),
where

salt) = "A* (M — F(tA™Y)).
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By condition (iii) on F
(1) sat) =t as A — o,

Now M — F(t) = at“(£) for 0 < £ < 1, where ¢(¢) is bounded and e(¢) — 1
as £—07.

Using this for 0 <t < A and the fact that F is bounded for t > A, we
obtain
(2) SA(t) < th

for all A and t. (1) and (2) are precisely the conditions for Lemma 5a and
the theorem is proved;
We now compute F, . From the definition

Fi=xa0Es07 x}.

A straightforward computation shows that F, = F" for all A. Since (S, )"?
converges strongly to (S)"? it is immediate that (S")"?F" is the strong
limit of (S,)"*F .

6. The asymptotic formula—Case I. Let S;- be constructed from F and
S " as in Theorem 3a.
Then

D (Sr) & "={fIF fEZUS)")

and Sy- is a self-adjoint operator on _# = closure of .& ~.
Let

S =ﬁ Ady (M)

be the spectral resolution of S;- on 4 and let

Sar = ﬁ Adya (V)

be the spectral resolution of F S;F = S, r-. By Theorem 3d, we have
eN Ya) -y O

for 0 < A < =, and A not in the point spectrum of Sjy-.

Let R~ be Sy- restrictedto F~_# " and R, be S, s restricted to F' % .
It is easy to show that R~ > 0 and R, > 0. Then R~ has the spectral resolu-
tionon F~_#

R = j; AdG™ (N,

where G"(A\) =¢ (\) —y¢ (0). For 0=A< o and G (0) =0, and R,
has the spectral resolution on F "%
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R; = [ ndgi o,

where G, (\) = ¢4 (\) — ¢4 (0) for 0 <\ < » and G, (0) =0. Since y (0)
=I—F  and y, (0) = I — F', where I is the identity operator, it follows
from (1) that

(2 Ga(N)—G (N

for all \, 0 < \ < =, \ not in the point spectrum of R "

LemMA 6a. Iff, €F €, If. ] =1,n=1,2,3,---,and f, —f asn— o,
then f, (t) —f  (t) uniformly on any compact set Z.

Proof. f, € F"¥¢ "~ implies F " f, = f,; that is,

(2 fa (®) = ﬁ F)[J(t) Co(y) ] du(y).

Now f, —f implies f,— f and since J(yt) Co(y) € L,, we have f, () = f (2)
for each fixed t as n — .
Now

fa &) = fa (8) = J; N[ I(yt) — J(y8) ] Ca(y) du(y)

and by Schwarz’s inequality, we get

Ifs @ — £ ()] < ﬁ [J(3t) — I(¥) [ Ca(y) du(y).

This implies that {f, (¢)} is an equicontinuous set of functions and hence
fa (t) = f  (t) uniformly on any compact set.

We denote by p a subsequence of the natural numbers and let A(1) < A(2)
< ...,where A(k) - « as k— =,

LEMMA 6b. With the above definitions let f,E F €, |ful = 1, (Raw/falf2)
Sm<owoforn€p.If fi—fasn— «in p,, p, a subsequence of p, then f = 0.

Proof. We claim that given m; > 0 there exists numbers ¢, and A, such that
sa(t) >m, for t>t, and A > A, Since M — F(§) = ot“e(§) for0 ¢ =1,
where 0 < ¢(t) —1 as £ — 0%, we have for 0 <tA ' <1 that «(tA™") > m,
>0 and s4(t) = tc(tA™") > myt*. For tA"'>1, ¢ (M —F(tA™")]>my
>0 and s4(t) = 0 ' A“(M — F(tA™") > m; A*, etc.

Now pick n, and £, so that sa,(t) > 2m for n > n,, t > t,. Then for n > n,

m g (R,;(n)fnlfn) g stl;) |fn(t)|ldﬂ(t)

and hence



278 J. R. DAVIS [Apl'ﬂ
t
0
ﬁ |f() | 2du(t) 2 1/2.

But by Lemma 6a, f,(t) —f(t) uniformly on [0, &) and hence |f|%=1/2.

THEOREM 6¢. Let F(¢) satisfy conditions (i), (ii), (iii), of §4 and let Q be a
set of positive but finite measure du. Let \(A,1) = \(A,2) = ... be the posi-
tive eigenvalues of B, and 0 < u(1) S u(2) < ---, u(k) » = as k— «, be the
positive eigenvalues of Sp-, where u(k) = + «, k=1,2,3,.-- if F"_# = {0}.

Then

3) MAk) =M — cA “u(k) +0(A7").
Proof. Lemma 6b and (2) are the hypotheses for Theorem 3e and hence
o 'A(n)(M — MA(n), k) = u(k) + o(1).
But this is equivalent to (3).

7. Definitions and preliminaries—Case II. We say that a function L is
slowly oscillating as ¢ — 0% if for all ¢ >0

¢ L(¢) is increasing in a neighborhood of 0, ¢ > 0,
¢ L(¢) is decreasing in a neighborhood of 0, ¢ > 0.

We shall assume that F satisfies the following conditions:

(i) F is a bounded real-valued function in L,,.

(ii) F has a unique maximum M at ¢ = 0 and lim sup F(§) <M as { — .

(iii)) M — F(¢) ~ ¢ L(¢) as £¢—0%, where L(f) is positive, continuous
on0 <¢< o, L(¢) = 0(1) as ¢ — «, bounded away from 0 as { — « and is
slowly oscillating as £ —0".

Define the Hilbert spaces &7, &, ¥ ,and ¥ ~ and the operators ¢, ¥, xa,
x5, Es, Ea,Fi, T, T4, Fand F~ as in §4.

In this case we assume that © =[0,a] and without loss of generality that
a=1.

The operators Ssand S “on & ~are different than in §4 and are defined by

Saf-(t)=ALAY'"TAf- 1),
ST- @ =tf@).

Asin Case I, if A(A,1) 2 A(A,2) = -.- are the positive eigenvalues of B,
then the eigenvalues of F; S, F, restricted to F,% ~ are (M — A(A,1))A"
[LAY]'s(M—NMA,2)A°[L(AN] ' < ---. Then if 0<u(l) £u(2)
< ... u(k) >  as k— = are the eigenvalues of Sy- restricted to F~_# "~ the
perturbation theorem will yield (M — \(A,k))A“[L(A"")] ™" = u(k) + o(1).

In the remainder of this paper all limits are taken as A — o unless stated
otherwise.
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8. Convergence of (S4)"*to (S)"? and (S4)"?*F4 to (S™)Y*F —Case
II.Asin §5, F, = F~ for all A.

We now show that (S ")"? is the closure of the strong limit of (S, )"* and
that (S")Y2F" is the closure of the strong limit of (S4)Y*F".

We first state a well-known and easily verified result about slowly oscilla-
ting functions as a lemma.

LEMMA 8a. If L(¢) is slowly oscillating as £ — 0%, positive, continuous on
0<¢t< o L() = O(1) as ¢— o and bounded away from 0 as §¢— o, then

(1 limL(¢&) (L) =1

as§,—0, £,—0, where £, ¢, satisfy 0 < a < £,¢5' <b < =; and for each ¢ > 0
there exists a constant C(¢) such that

2) LE)LE)] " = CO[EED) + e ]
forall 0 <, £ < o,

Next, an easy computation shows that S, f - (£) = s4(¢)f(t), where

sat) = A [L(A7H]""(M - F(tA™)).

LEMMA 8b. Under the assumptions of §7 on F(¢£) we have
3) limsa(t) =t*, 0=t< o
for any ¢ > 0 there exists a positive constant M(e) such that for all A >0
(4) 0 <s54(t) s M() (¢ + t7)t;
and for any m, > 0, there exists A, > 0 and t, > 0 such that
(6)] s4t) =2m; fort>ty, A> A,

Proof. By assumption, M — F(¢) = £ L(¢)e(¢), where e(¢) is bounded,
e(t) -1 as £ -0t and (¢) = O(t7°) as £t — o, and thus

6 sat) =LA D[LA™) ] 'e(tA™Y).

For any fixed ¢, 0 <t < «, (1) of Lemma 8a immediately gives (3).
From (6) we see that there exists a constant C > 0 such that

salt) S Ct*LA Y [LAH]!

for0 <t < =, A > 0, and using (2) of Lemma 8a we get (4).
Now, given ¢ > 0, there exists a(e) > 0 such that for 0 <tA~' <a(e) and

A7' < a(e) we have
Ay z2my  LEAH[LAH] 'z @ 4t797N
Hence for all sufficiently large A and 0 < tA ! <a(e),
sa(t) Z mot(t +¢7) 7L
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Choose m3 > 0 so that M — F(¢) > m3 for ¢ = a(e). Then
sat) zmg A°[L(A7H]™!
for tA~' = a(e), etc.
THEOREM 8c¢. (S )" is the closure of the strong limit of (S, )"
Proof. Let fE 2 ((S7)"?) and ¢ > 0 be given. We must find a
EE D (S

such that |g —f| <e [[(S7)Y%g — (S7)V*f|| <e and (S4)"?*g— (S")"2g.
Let f;(t) = e *f(t). Then

1=l = [, 11— 2170 du)

and hence by Lebesgue’s theorem, for § sufficiently small

) If = fill* <e

We also have

1S - f))F = j; [fO1%]1 — e7*|*t"du(?)

and since fE€ 2 ((S)"?) we see that for s sufficiently small
(8) 1SV — )| <e
Choose 4 so that (7) and (8) are satisfied and set g = f;. Then

1(S7)"2g — (S4) gl =ﬁ |£(&) [P |t — s4(8) 2| 2du ()

and using (4) of Lemma 8b we see that
|82 — s4(O) )2 < 2t[ 1+ M() (t 4 t79)].

Now taking ¢ < , and using (3) of Lemma 8b in conjunction with Lebesgue’s
theorem we get that ‘

1(S7)2g — (S4)"*g| —0.

Finally we must show that (S )" 2F " is the closure of the strong limit of
( SA‘ )1/2 FA.

It is for this proof that we need 2 to be an interval. In Theorem 8c it is
trivial that the approximating function f; is in 2 ((S")"?). Here, given
fE 2((S7)"*F") we must find an approximating function in

Z(ST)*F")
and it is not clear that for an arbitrary Q this is possible. Widom [ 14] gives
conditions on @ so that the approximation is possible, but it seems that the
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most natural situation here is to take @ = [0,a] and without loss of general-
ity, [0, 1].

THEOREM 8d. (S )V2F " is the closure of the strong limit of (S;)"*F .

Proof. Let f:E Q ((ST)'*F :).ﬂIt is clearly sufficient to consider two
cases: i) F f =f and (ii) F f =0.

Case (i). Let g, be an even, nonnegative, infinitely differentiable function
defined on — » < y < o, vanishing off [ — A,A], and such that

©

J; &) du(y) =1

for A > 0 and

©

j; &(y) du(y) —0

as A — 0 for all 6 > 0. Clearly

) ler ] =1
and

(10) g (1) —1
as\—0.

Let # be the set of all functions, f (t), such that F " f = f " and
fFEDUSHVEFT).

Then Ff = f and f vanishes off [0, 1]. Let #; C # be all functions f € #
such that f vanishes off [0,0] for some 6, 0 <6 < 1.
Let f € #; and set f, (t) =&, (t)f (t). Then

[} A
L) =g +f-(y) = ﬁ j; 8.(2f(x)D(z,y, x) du(2)du(x),

and since D(z,y,x) =0 if 2 :I— x>y, for A sufficiently small f,(y) vanishes
off [0,1] and Ff, - () = f, (t). Using (9), (10), and Lebesgue’s theorem,
we obtain

(11) 1A —f 7 —0

as\—0.

Since g\(y) is infinitely differentiable, g, (t) = O(t™") as t— « for all r.
This and (9) imply that f, € Z ((S")"*F"). Using (9), (10) and the fact
that f € Z((S")?*F") in conjunction with Lebesgue’s theorem we get

IS F ™ (f —f ) =0

as A —0.
Sinceg, (t) = 0(t™) ast— » for all r and f, € & ((S")*F") the same
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proof as in Theorem 8c shows that
1S F . = (ST)*Ff, | —0.
Therefore if f € #,, there existsanf, € & ((S™)"?F ") such that |f, — |
<6 ISR (R = f7)| <cand (SO F £ — () Ff.
Now let f € #. Set g,(y) = f(37'), 0 <6 < 1. Then g(y) vanishes off
[0,6] and we have

g () = ﬁ f(yo ) (yt) du(y) = 6>+ f " (6t).

Thusg,,'g D (S7)"*F). It is easy to see that ||f — g,|| =0 as 6—1 and
hence |f — & | —0 as §— 1. Similarly |[(S™)*F (f " —g )| —0as6—1.
Since g, € #,, we see that if f € # there exists an h~ € #,; such that
If"—h7| <e and [(ST)*F (f —h7)| <e.

Thus we have the theorem for functions in #. If F"f = 0 the proof is
trivial.

9. The asymptotic formula—Case II. Let S;- be constructed from F~ and
S~ as in Theorem 3a. We recall that S;- is a self-adjoint operator on #",
the closure in &~ of &, where & "= {f|fE¥, F f€ (S},
and ¥ (Sp-)C .~ "

Because @ = [0,1], " is dense in ¥ ~ and S;- is a self-adjoint oper-
ator on ¥ . Let

Sp- = ﬁ_xdw” oy,
be the spectral resolution of Sy- on ¥~ and let

Sar = ﬁ_x dya(n)

be the spectral resolution of S, ;- = F~ S, F". Then using Theorems 8c and
8d in conjunction with Theorem 3d we have

(1) va Nf—y Vf

for all fE ¥ "and 0 <\ < =, A not in the point spectrum of S;. We
define R as the restriction of S/ to F'% " and R, as the restriction
of Sir to F "

It is easy to see that R~ > 0 and R4 > 0. Thus R~ has the spectral resolu-
tionon F ¥~

R = ﬁ AdG ™ (M),

where G"(\) =¢ (A) —¢ (0) for 0 <A< =, and G (0) =0, and R, has
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the spectral resolution on F % ~

R£=ﬁ AdG, (N,

where G, (\) = ¥4 (\) — ¢4 (0) for 0 <X < ®, and G, (0) = 0. Since ¥ " (0)
=I1—F and ¢, (0)=1I— F’ it follows from (1) that

@) Ga () — GO
for 0 < A < « and A not in the point spectrum of R". Here “—” is in £ .

LEMMA 9a. Let A(1) <A(@2) <---,A(k) > » as k— . Let f,EF ¥",
If.l =1, and (Rawfs|fs) Sm < o for nEp. If f,—f as n— = in p, a sub-
sequence of p, then f = 0.

Proof. By Lemma 6a f,(t) — f(t) uniformly on any compact set. By Lemma
8b we have that given m; > 0, there exists Ay > 0 and £, > 0 such that s,(t)
=m, for t > t,, A > A,. The rest of the proof is the same as that of Lemma
6b.

THEOREM 9b. Let F satisfy (i), (ii), (iii), of §7 and @ =[0,1]. If A(A,1)
= A(A,2) = ... are the positive eigenvalues of B, and 0 < u(1) S u(2) < ---,
u(k) — o as k— « are the positive eigenvalues of Sg-, then

@) MA k) =M — A7 L(A™") (u(k) + 0(1)).

Proof. Lemma 9a and (2) are the hypotheses of Theorem 3e. Hence
(A()[L((A() ] (M — \MA(n), k)) = u(k) +0(1) for k=1,2,-.. and
this is equivalent to (3).

10. Definitions and preliminaries—Case II1. We shall assume that F satisfies
the following conditions:

(i) Fis a bounded real-valued function in L,,;

(ii) F has a unique maximum M at £, # 0 and lim sup F < M as {— «;

(iii) M —F) ~ o]t —&|"LE— &) as £—&, M~ F() ~ ot — &l
L(¢ — &) as ¢ —¢y, where w > 0, 6, > 0, 0, > 0 and L(¢) is an even, positive,
continuous function that is slowly oscillating as ¢ —0 and is bounded and
bounded away from zero as £ — .

We also assume that @ = [0,2x].

We define four Hilbert spaces. Let & and & ~ both be L,, and denote
the norm by || ||,. Let ¥ and ¥~ both be LY ( — =, ») ] with respect to
Lebesgue measure and denote the norm by | |.

We define the unitary maps ¢ of & onto & ~and ¢ of £ onto £ by

of - (§) = J; J(x¢) f(x) du(x)

and
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v - () = f_ o e f(y) dy,

where the partial integrals converge in the metric of & ~ and ¥ ", respec-
tively.
Maps x4 of & ~ to &~ and x} of £~ to & ~ are defined by

xaf - @) = fleo+tA)(C,A NP5+ tA™Y) fort> — A,
=0 for t < — §HA

and
xig () =g(At — £))(C,A) 2™ forg >0,

=0 for £ < 0.

It is easy to see that x, is an isometric map into ¥ ~ and that x} is a
partially isometric map onto & ~ whose partial domain is the range of x4.
Thus x% x4 = I and x4 x% = I on the range of x4.

The operators E4, E5, Fs, T, T, and T, are defined as in §4, using
the maps ¢, ¥, x4, and x} of this section. Let the operators S, and S be
defined on & ~ by

Saf- () =sa(Of(®)

and
S7f- (0 = s)f @,
where
W sat) = A[LAY] ' [M — Fg+tA™Y] fort> — gA,
=0 fort < — §A
and

s(t) = oy|t]® fort <O,
= oo|t|* fort<O.
We note that
Saf-(®) =A°[LLAY]'TAf- ).
Finally we define the projections F in & and F~ in & ~ by
Ff-(y) =f(y) for—1=<y<=1,
=0 fory>1

and

F~ =yFy~\.
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In this case, f *g will denote convolution in L'( — =, ) with respect to
Lebesgue measure.

If AM(A,1) 2\(A,2) 2 ... are the positive eigenvalues of B,, then
(M —\A, D]JA[LIA™)]™? = [M — XA, 2)]JA*[L(A7")]' < ... are the
eigenvalues of F, S, F. restricted to F,% ". As in the two previous cases
we show that F, S, F, converges to Sy- of Theorem 3a such that if 0 < u(1)
<u(2) < ... are the eigenvalues of Sy~ restricted to F*% ~ then

[M = \NA B ]ALLA™Y ] = u(k) + o(1).
11. Convergence of (S,)"*to (S")"* and F, to F —Case III.

LEMMA 11a. With the definitions of §10 we have

(1) limsa(t) = s(2);

(2) for any ¢ > 0, there is a constant M(e) independent of t, — © <t <
and A > 0 such that

sa(t) = M(o)|t|[|t] + |t ~];

(3) given m, > O there are numbers Ay > 0, t, > 0 such that for A > A, and
ltl > 1, SA(t) =m,.

Proof. The proof is virtually the same as that of Lemma 8b.

THEOREM 11b. (S )2 is the closure of the strong limit of (S,)"2

Proof. Let f€ 2 ((S7)"?) and ¢ > 0 be given. We must find a
EEZ((SH'Y

such that |f—g| <¢ [(S)"*(f—g)| <¢ and (Ss)"2g—(S")"2g. If
fi(t) = e *f(t) then just as in Theorem 8¢, g = f, works if 5 is sufficiently
small.

THEOREM l1c. If F, and F’ are defined as in §10, then F~ is the strong
limitof F, as A — o.

Proof. Let
P(u,w,t, A)
=, 12((As + 1)), _12(u(AE + w)) (u(Ag + 1) VA(u (A + w)) V2

A straightforward computation shows that

4

2r ®
Fig-(t) = j; f_EOA P(u,w,t, A)g(w) dwdu fort> — Ag,

(5)
=0 fort < — Ag,.

In what follows C is a generic constant.
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Let # ~ be the set of functions f € &~ which are continuous and have
support in |¢| < a for some a. We first prove that if g€ # ~, then F,g - (t)
— F g . (t) uniformly on [ — b,b] for any b < o.

For A sufficiently large and |t| < b

2x a
Fig-(t) = f . f_aP(u, w,t, A)g(w) dwdu

and we can write Fyg - (t) = I, + I,, where

é a
I, = J; f_aP(u, w,t, A)g(w) dwdu,

I,= f j:aP(u,w,t,A)g(w)dwdu.

Now using (8) §2 and the well-known fact that x"J,(x) = O(1) as x—0 we
see that

J,_12u(Af + ) [u(Ag+ )2 < C

and hence

(6 j: aP(u, w,t,A)g(w)dw [ < C

for0<u=<2r, A>0,and t> —§A. Thus I, < Cs for |t| <b.
We will show in a moment that

a

@) limf_aP(u, w,t, A)g(w) dw = fag(w)cos(u(t —w))dw

uniformly for |t| < b. Using this and Lebesgue’s limit theorem, see (6), we
will have

2r a
(8) limI,= J; f_a g(w) cos(u(t — w)) dwdu.

From (8) §2 and a standard trigonometric identity,
P(u,w,t,A) = = Y{ cos(u(t — w)) + cos(u(2A45+t+ w) —vr) } + O(A™Y),

where the O(A™") is uniform for 6 < u < 2r, |t| < b, |w| <a. Thus

a

limf_aP(u, w,t, A)g(w) dw=1r“{ j:ag(w)cos(u(t — w)) dw

+ limf_acos(u(2A£o +t+ w) — vr)g(w) dw + limIEO(A Ng(w) dw} .

The second limit on the right is zero by the Riemann-Lebesgue theorem; the
third integral is obviously zero, and it is easy to check that convergence is
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uniform for é < u < 2x, |t| < b. Therefore we have (7).
Let

2x pa
I,= w'lﬁ f_a g(w)cos (u(t — w)) dwdu.

Then clearly F,g - (t) — I; uniformly as A — » for |t| <b.
Set A = [ — 2, 2x]. Then using the fact that C,(u) is even we get

9 I, = f_ C.(2xu)e* f_ g(w)e ™ dwdu.

But since C,(2xu) is the characteristic function of [ —1,1], (9) is just
I;=yFy~'g.(t) = F g-(t) and we have proved our assertion.
We now show that if fE # , then

(10) Fif—F'f.
Indeed, if g€ &, we get
[(LFsf—F fllg)|* < 4lgl*IfI*?
using Schwarz’s inequality and the fact that since F, and F~ are projec-

tions, |[F || =1 and | F4| =1 for all A. Hence there is a C > 0 such that

1 ﬁlgc [Faf-@&) = F f-0](e®)*dt] < /2

for all A. But by what we have just proved

az) [ilgc [Fif-@®) — F f-(®)](g(t)) *dt—0.

Now (10) follows trivially from (11) and (12).

Since # " is dense in ¥, again using the fact that |F | =1 and
|Fai] =1 we see that F,f—F f for all f€ ¥ ". But weak convergence
of projections implies strong convergence and our theorem is proved.

12. Convergence of (S;)"?F, to (S )"*F —Case III. Consider the rec-
tangle R shown in Figure 1.

—&/2+1r o2 £0/2+ ir

67
04 o3

— §0/2 o /2

FIGQRE 1
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Let v,(i67) be the harmonic measure of the side g, at the point ifr, k = 1,2,
3,4. That is, yx(2) is harmonic on R and v,(2) = 1 on the interior of o, and
v(2) =0 on gj, j # k.

LEMMA 12a. With the above notations we have the inequalities
(i) v1(i70) = 1 — 0 — 207" cosh =75,

(ii) v2(ir6) <6,

(iii) v3(iv0) < 76¢5 " cosh =75 ",

(iv) v4(ir8) < 7085 coshwrgg .

Proof. The demonstration of this result follows routine lines. See [3] where
it is given in detail.
A straightforward computation shows that

2r
Fig-(®) =j; Qu,t,A)a(u,A)du fort> — At

1)

=0 fort < — Ag,
where
@ a(u,A) = J:mA C,J(u(At+ w)) [ A+ w]' g(w) dw,
3) Qu,t, A) = J,_1 5 [u(Ag + t) | (At + ) V2ur*+'2,

Let 9 be the set of functions h(y) in & which are infinitely differentiable
and have compact support and let 9 "=y D . Let 9, be the subset of 9
consisting of those functions that have support on |y| < C for some C< 1
andlet 9, = ¢ 9,. Let 2, be the subset of < consisting of those functions
that have support on |y| = C for some C > 1, let 9, =y D,.

THEOREM 12b. If g € D, org € D, and if a(u, A) is defined by (2) then

4) ANa(2x,A) =0(A7")
and

d N . —-r
(5) ‘EA a(@r,A) =0(A™")

asA— o forall rand N=0,1,2, ..., where
d\yV 2 d
A'(@) Y

Proof. Let g € 9, . Using (5) §2 we see that

©

aAVa(u,A) = (- l)Nf_mA C,Ju(Ago + w) | (Ag + w)” *g(w) dw.

We write
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AVa(u, A) = (= 1)V (a, + a; + ay),

where
-5 A

a, = f_&) , CJdu(Ag +w) [Ag + w]*?g(w) dw,
62A
a; = f_ » C,Ju(Ag + w) (At + w) N g(w) dw,

a; = L , Codlu(Ako+ w) | (Ago + w)**g(w) dw.
Here — A < — 8,A <0< 5,A < o and 8,5, > 0. §, and &, will be chosen
precisely later.

It is well known that if g€ 9~ then g(t) = O(t™") as t— » for all r.
Using this and (2) §2 we easily obtain that |a,| = O(A™") and |az| = 0(A™")
as A — o for all r.

From the standard relation

1

(6) Jooyp = 2 (HY12(2) + H?,2 ()]
it follows that a;, = af + a5, where

62.4

oi= “”“f o, H202 [ Ak + w)) (At + w) ™ 2 g(w) duw

-9

and
1 62A
ay=ul’ f o B ] Ao+ )™ Vigw)dw.

Applying Cauchy’s theorem to the integrand of af with respect to the top
curve of Figure 2 and to the integrand of a; with respect to the bottom

itA/2

L
-

—51A 4 - BZA
\
—irA/2

FiGURE 2
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curve we see that af =If + I + I and a; = Iy + I; + I5, where

—-6lA+irA/2 62A+i1A/2 62A
+ — + —
= e B S
—51A —8) A+irA/2 A +irA/2

I— f—b‘A—er/Z fézA—er/Z 62A
1 = I; = ' I7 =
—54 ’ _nA-iaz ? 3 s9A—irA/2

the integrand of I;' being that of a;' and the integrand of I;” being that of a;.
We consider I first. It is easily seen that g € 9| implies g(v+ irA/2)
= 0(e“™) as A — . Using the estimate (6) §2 for H®,,, we see that for
u = 2r the integrand of I is O(A®e"“~""4) as A — » and as C < 1 we see
that I+= O(A™") as A — o for all . I; is handled in exactly the same way
using estimate (7) §2 for H®,,.
We next examine I{. Consider the rectangle R of Figure 3.

— A —&/2+iA

— A+ &/2) -5 A — A(%; — £&/2)

FiGURe 3

Choose 5; to satisfy £/2 < 8 < £, i = 1,2. Then |g(w)| = C; A™" on the bot-
tom side of R. On the other three sides we have |g(w)| < C,e*"“. Through-
out this argument C, will be a generic constant.

Now R is conformally equivalent to the rectangle of Lemma 12a. Using
the notation there and one of the standard principles of harmonic measure
we get

log|g( — 5,4 + iA76)| < v.(i70)log(C, A™)
+ [vali8) + va(ir8) + va(ir6) |log(Cre™™).

Using the estimates of Lemma 12a we can choose 7 so small that v,(i78) = 1/3
and v,(ir8) + v3(i76) + v4(i76) <6 for 0 <6 = 1/2. Hence

lg( — 8, A+ iAn)| = C, A "3 e¥AC
for 0 < 5 < 7/2. Using the estimate (6) §2
(Ao + w2 HY 5 (27 (Af + w)) S C e~ AN

for 0 <y < /2, where w = — 8, A + inA. Therefore the integrand of Ifis
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O(ANN-"3g~21-Cn4) 33 A —, o for 0 < 5 < /2. Since 1 — C > 0 and r is arbi-
trary, It = O(A™") for all r as A — o,

I3, I, and I; are handled in the same way. Thus we have proved (4) if
g€ 9; .

Now let g€ 9, . Then y'g- (y) has its support on 1< C < |y| £C,
< = and g(w) = g1(w) + g(w), where

% ‘ c .
&i(w) = j; v7lg - (y) e?™™dy, g(w) = j; ’ vlg- (y)e*™dy.

Then a, = a3 + az, where

5,4
a = ,f—am J,_12(u(Ago + w)) [ Ao + w]P 2412~ g () dw,

A
Ay = J._bm J,_1(u(Ato + w))[ At + w] V2412 gy (w) dw.

Applying Cauchy’s theorem as in the previous case we obtain a; = I;;
+ Iy + I and axp = Iz + In+ I, where

—b A+ir]2 s, A+iAr2 5,4
n —5A ’ —naviaz’ T Ja-ianz’
—61A—1A7/2 62A—tA1,'2 62-4
I‘ = 122 = I32 = .
2 -54 ’ —6A—iAr2 s9A—iAr/2

The proof from this point is so similar to the previous case that we omit it.
Finally we consider the proof of (5). By (4) §2 we have that

d N
o Ma(u, 4)

=(—- l)Nﬂf—eoA u2="d, e [u(Ag + w) | (Ag + w) 2 g(w) dw.

But this is the same problem as (4) and of course has exactly the same solu-
tion.

LEMMA 12c. Let g€ 9, or g & D,. Then for every non-negative integer N

andc>0
cA

lim supf_AEo [t|®|Fyg. (t)|%dt < 22Nf_w N2 + )| g(t) | dt.
Proof. Let g € ;. Set h(t,A) = 2A%t(1 + t/2A%,) and
gn.a(t) = (h(t, A)Vg(d).

Let A be as in Theorem 12b and set A, = A + (A%)> Finally let a(u, A) be
as in Theorem 12b. We first show that

©
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(7 Fagna- ®) = [h(t, A)|"Fsg- () + O(A7)
forallr and — At; <t <cA.
We note the following evident facts:

(8) a'a(u,4) = 01), 2 aVa(u,4) = OW)

as u— 0. Also an easy computation using (4) §2 and (5) §2 shows that

©) 82 2 Juan+0) = u*adwAn+0).
Now, since

(— 2V J(W(At + w)) = [h(w, A) |V (u(At + w))
we see that

2x
Figna- () = C, ﬁ J@(Ak + 1) (Ato+ " u¥( — A0 Va(u, A) du.

Performing 2N integrations by parts and making repeated use of (8) and (9)
we obtain
N-1

Figna- () = X KAkt A)(h(t, A))
j=0
(10)

N-1

+ (Aget t) X P;(A)pi(t, A) (h(t, A)) + (h(t, A))VFag- ().
j=0

The terms K;j(A) and P;(A) arise from the terms ( — A4)*a(2x,A) and
d k
— (= A4)"a(2x, A),
du

respectively, and by Theorem 12b are O(A ") as A — « for all r. The terms
kit A) and pj(t,A) arise from the terms (A& + t)'J(2x(A& +t)) and
(Ago+ )’ J’ [2w(Ato + t) ], respectively, and are thus uniformly bounded
for all t and A. Thus we have proved (7). Now

(11) h(t, A) = A¢ot
for t > — A§, and
(12) (h(t,A))* = (2A51)* (2 4+ 8)

for — @ <t < wand A > 272, Using (7), (12) and the fact that | F,| =1
we get
cA

f_ g P AT Fag- 0]%dt < 245" f M2 + ) %g) | *dt + 0(A™)
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for A > 272, Now using (11) and dividing through by (A£,)%" we have for

A sufficiently large and all r
cA ©
f_m tN|Fag- (8))%dt < 2”’[_@ N2 + A g(t)|2dt + O(A™).

The lemma clearly follows.

THEOREM 12d. Ifg € D, then
lim|(S")"*F g — (S4)"*Fag| = 0.

Proof. First we set
I(ST)2F g — (SA)"*Fag|®*=1,+ I,

where
0

I - f (02t) "2 F " g — (sa(0) 2 Fg|2dt
L= [, 1@ F g~ Gu0) " Figltar

Now Il = Iu+ I|2+ Ila, where
-AEO o
Iu=£°° dgltl“lF glzdt,

-T

La= [ 1l F g — (o400 it

0

Io= [ 1l F"g — (su(0) " Figl'ds

and Iz = 121 + [22+ 123, where
In= [, 19" F g — (sa0) " Figldt

£A . -
Izz=ﬁ [(a1|t]) " F " g — (sa(t))"* Fag|*at,

T
M=£|mmMW@—mw“HWﬂ

Clearly lim I;; = 0. Next
I, £2(K, + K»),

where
-7
K, = f_m os]t]*] ()| 2dt
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and
-T .
K,= f sa() | Fag- (t)|dt.
-AEO

It is evident that for T sufficiently large and all A we have K, < ¢/8. Now
choose N so that w+ 1= 2N —a where a > 0. Then using (2) §11 and
Lemma 12¢ we have

limsup K, < C22VT" | 2 + )V|g(®)|dt.
Thus for T sufficiently large limsup K; < ¢/8 and
(13) limsup 112 <¢€/2.
In the same way, for T sufficiently large
(14) limsup Iy < ¢/2.

Fix T so that (13) and (14) are satisfied. Since s,(t) —s(t) boundedly for
—T<t<Tand F,g—F gin €  we have

(15) lim(7I;; + I) = 0.
Finally I, < 2(K, + K,), where here

K,:LA ailt]*|g(t)|*dt

and
K,= fm sat)|Fag - (8)|%dt.
Clearly
(16) limK,=0.
Recalling the definition of s4(t), (1) §10, we see that
17) sa(t) = CA*™!

for A sufficiently large and all t. Now if t = £A, then h(A,t) < 3 and in
this case (10) of Lemma 12c reduces to

(18) Figna- () =00 ") + [h(t, A)INF 8- (t)
for all r. We also note that fort =0
(19) h(A,t) = £

From (18) we get that
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|Fag-O)2< 2[ht, A) ™™ |Fagna- ®|*+ O(A™) O@t*N-2) ).

Now applying (12), (17), (19) and the fact that |F4| = 1, we obtain for
sufficiently large A and all r

K, < CA“+'=N f_ 24 )V|g(®)|*dt + O(AT).

Choosing N so that 2N > » 4 1, we see that

(20 limK; = 0.

Combining (13), (14), (15), (16) and (20) we finally get
limsup||(S)"2F g — (S4)*Fg| <e

and as ¢ is arbitrary the theorem is proved.
We remark that in the analogous theorems of Hirschman and Widom, the
integral I, does not appear.

THEOREM 12¢. Let g€ 9, . Then
lim | (S7)?F g — (S4)"*Fag| = 0.
Proof. The proof is the same as that of Theorem 12d. Note that in this
case F g=0.

THEOREM 12f. (S")Y2F " is the closure of the strong limit of (S,)"*F,.
Proof. Given fE€ Z ((S)"*F ") we must show there exists
he D((ST)AF7)

such that

0 If=hl <e ISHVF (f=h)| <e

(i) (S4)"*Fah— (S")V2F h.

It is sufficient to consider two cases. F f=fand F f=0.

Suppose that F f=f. For 0 <8 <1, set g(t) = f(6t). Then ¢~ 'g,- ()
=0 f-("). Now F f=f implies y'f-(y) =0 for |y|>1 and
hence ¢y ~'g,- (y) = 0 for |y| > 6. Clearly y~'g,&€ Z((S")?F"). It is also
evident that for 8 sufficiently near 1,

@1 If—&ll <e/2,  ISHVF (f—g)| <e/2.

For each A > 0, let h,(y) be a non-negative, even, infinitely-differentiable
function that vanishes for |y| 2 X and /. Jh(y)dy = 1.

Then |yh, - (t)] <1, ¢h,-(t) >1asx—0 for all ¢, and yh, - (t) = O(t™")
ast— o for all rand fixed \. Using this information and Lebesgue’s theorem
we get
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(22) I Wh)g — &l <e/2

for A sufficiently small. Next we note that y g, * h, - (» =0 for |y| >x+6.
If X is such that

(23) A+o0<1

then (whx)g:.e 9);. Using |yh,- (t)] <1, g(t)yh, - (t) —g,(t) as A—0, and
&E Z((S)*F") we see that for \ sufficiently small

(24) 1(S™)2F " (gy(¥hy) — 8 | < /2.

Choose 8 so that (21) is satisfied and then choose A so that (22), (23), and
(24) are satisfied. Set h = (yh,)g. Then (i) is fulfilled. It is evident that
h€ Z((S")"*F") and since h € I, by Theorem 12d we have (ii).

Suppose now that F f=0. Then y~'f (y) =0 for |y| <1. Choose
1<C, <C;< = such that if g(y) =y 'f-(y) for C, <|y| <C;and
g(y) = 0 otherwise, then |g — ¢ ' f| <¢/2. Clearly F yg =0 and |yz — f|
< ¢/2. Now set h = (yh,)(yg), where A is chosen so small that C; — x> 1
and |h—yg| <e/2. ThenhE€ D, |(ST)2F (f—h)| =0, and ||f — h|
< ¢, and the result follows from Theorem 12e.

13. The asymptotic formula—Case I1I. Let S;- be constructed from F " and
S as in Theorem 3a. Then as in Case II, Sy- is a self-adjoint operator on
g .

Let

©

Sp-= ﬁ Ady (N

be the spectral resolution of Sz- on £~ and let

Sar = J;- Adya(N)
be the spectral resolution of Ssp- = F4Ss F4. Using Theorems 12e, 1lc,
and 11b in conjunction with Theorem 3d we have
1) va()—y O

for every A not in the point spectrum of Sz, 0 < A < ». Now define R " as
Sr- restricted to F & = 4" and let R4 be S, r restricted to F £
= _#, . Asin the previous cases R > 0 and R4 > 0 and we have the spectral

resolutions
R = ﬁ AdG (N

on 4", where G°(\) =¢ (A) —y¢ (0) and G (0) =0 and
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R, = J; AdG4 (N)

on 44", where Gi(\) =y4 (\) — ¥4 (0) and G; (0) = 0. Sincey (0) = I
—F" and ¢, (0) =I— F, it follows from (1) and Theorem 1lc that

(2 Gi (V-G (N
for 0 < A < = and A not in the point spectrum of R "

LEMMA 13a. Let A(1) <A(2) <---, A(n) > » as n— «. With the above
definitions let f, € A4, fal =1 and (Rawmfalf) <m < « for n € p, where
p is a subsequence of 1,2,3,..-. If f,—f as n— » in p,, a subsequence of
D, then f 0.

Proof. Let
Fm=ﬁﬂmhﬂmmWa

It is well known, see Titchmarsh [9, p.473], that

[, wrornra= | i@

Noting that f, € A4, implies f,(t) = Fauf,- (t) a substitution gives

2r
falt) = C?j; ((A(n)&o + u)’ J(u(A(n)g + t)
3) -
X f_ A ((A(n) g + wyu)' J(u(A(n)g + w))fa(w))dwdu
for t> — A(n)t, and zero otherwise. Setting fi.(w) = f.(w — A(n)t,) we
write (3) as
f2(t) = (Cofin)* - (t+ A(n)g) fort> — A(n)g,
=0 fort < — A(n)g,.
Then

2r

@ W= [ G O [ (e w1,

Now using the Schwarz inequality on (3) in conjunction with (4) and the fact
that (A(n)&+t)udJw(A(n)g+1t) <C for 0su<1,t>— A(n)t, and n
in p, we obtain

5) |fa(t)]? = C2

Now, by (4) §2 we get
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j—t { (A& + u)" J(u(Ag + 1) }
= (Afo+ ) v do12 WAk + 1) [u(Afo + ) |2
—uld, 1 p(u(Afo + 1) [u(Ag + £) ]+
and thus differentiating f,(t) we see that for t = — A(n)¢,
Ifi®] = C(AME+

Hence, given ¢, there is an n, such that for n > n, and |¢| < ¢,
(6) TAGIEX

Now (5) and (6) imply that f,, » in p,, are uniformly bounded and
equicontinuous on any interval |t| < t,. Therefore since f,—f as n— « in
p: we have (if f is suitably redefined on a set of measure zero),

(7 f(&) — f(t)

uniformly for |¢| < t,.
By Lemma 11a, given m; > 0 there exist A, > 0 and £, > 0 such that for
A > A09 Itl > tO

sa(t) =2 m,.

Taking m; > m and n > n,, where A(ny) > A,, we have

m 2 mlﬁw |fa() | dt.

Hence
j:|§‘0 @) |?dt2 1 = mmi* >0
and by (7)
2
j|:,§,0 |f(®)|%dt > 0.
That is, f#0.

THEOREM 13b. Let F satisfy (i), (ii), and (iii) of §10 and @ = [0,2x]. If
AMA,1) 2 A(A,2) = .- are the positive eigenvalues of B, and if 0 < u(1)
Su@2) =...,u(k) > © as k— «, are the positive eigenvalues of Syp- then

MA,k) = M — L(A™)A* (u(k) + 0(1))
as A— o for each fixed k=1,2,....
Proof. Lemma 13a and (2) in conjunction with Theorem 3e yield

(A()*[LAAM) Y] (M = MA(n), k) = u(k) + o(1)
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asn— o for k=1,2,.... The theorem follows immediately.
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